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ON THE RELATIVE MINIMAL MODEL PROGRAM FOR
FOURFOLDS IN POSITIVE CHARACTERISTIC
CHRISTOPHER HACON AND JAKUB WITASZEK
Abstract. We show the validity of two special cases of the four dimensional
Minimal Model Program in characteristic p > 5: for contractions to Q-factorial
fourfolds and in families over curves. Our results are partially contingent upon
the existence of log resolutions.
1. Introduction
In recent years there has been much progress in understanding the birational
geometry of threefolds over algebraically closed fields of characteristic p > 0 by using
methods inspired by the theory of F-singularities. One of the main achievements
in this area is the proof of the minimal model program in dimension three (in the
characteristic p > 3 case and in the birational case, see [HX15], [CTX15], [Bir16],
[BW17], [HW19b], [HW19a]). The purpose of this paper is to show that the minimal
model program also holds in some higher dimensional cases. This is the first step
towards establishing the minimal model program in full generality for fourfolds in
high characteristic.
In particular, we prove the following.
Theorem 1.1. Let (Y,∆) be a four-dimensional Q-factorial dlt pair defined over
an F -finite field of characteristic p > 5. Suppose that ∆ has standard coefficients
or that log resolutions of all log pairs with the underlying variety being birational
to Y exist (and are given by a sequence of blow-ups along the non-snc locus). Let
π : Y → X be a projective birational morphism to a normal Q-factorial variety X
such that Ex(π) ⊂ ⌊∆⌋. Then we may run a (KY + ∆)-minimal model program
over X, which terminates with a minimal model.
As in [HW19b], this allows us to derive a series of results for Q-factorial four
dimensional singularities in characteristic p > 5, which in characteristic zero are
proven using vanishing theorems. In particular, we show that klt singularities
are WOX -rational, dlt modifications exist, and the inversion of adjunction holds
contingent upon the existence of a log resolution (Corollary 4.6, 4.7, 4.8). Simi-
larly, one can extend other statements from dimension three to dimension four such
as finite generatedness of the local Picard group (cf. [CRSK20]) or, assuming the
BAB conjecture in dimension three, tameness of the e´tale fundamental group. To
avoid making our article too long, we do not write down proofs of these results here.
The second key result of this paper is the proof that the minimal model program
can be run in families of threefolds over a curve. Note that when φ is smooth, the
KX-mmp and the (KX + Suppφ
−1(s))-mmp coincide.
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Theorem 1.2. Let R be a local ring of a curve C defined over an algebraically
closed field of characteristic p > 5 with s ∈ SpecR being the special point. Let
(X ,Φ) be a Q-factorial dlt pair with standard coefficients of global dimension four
and projective over the curve C and let (X,∆) := (X ,Φ) ×C Spec(R) with the
natural projection φ : X → SpecR. Suppose that log resolutions of all log pairs with
the underlying variety being birational to X exist (and are constructed by a sequence
of blow-ups along the non-snc locus).
If κ(KX +∆/Spec(R)) ≥ 0 and Supp(φ−1(s)) ⊂ ⌊∆⌋, then we can run a (KX +
∆)-minimal model program over SpecR which terminates with a minimal model.
This theorem can be used, for example, to construct canonical skeletons of de-
generations of varieties with non-negative Kodaira dimension ([NX16]), and allows
for descending positive characteristic deformations of threefolds under operations
of the minimal model program.
It is natural to wonder if the assumption on the existence of log resolutions can be
dropped. In general, this seems to be a very difficult problem in view of the fact that
alterations or quasi-resolutions do not behave nicely with respect to the canonical
divisor. However, one may hope to remove this assumption if we start to run the
mmp on a smooth variety, and this is indeed the case (see Proposition 5.5) provided
a much weaker assertion: that embedded log resolutions of subschemes of smooth
fourfolds exist. In particular, Theorem 1.2 holds true under this weaker assumption
when we start with φ smooth, and so does Theorem 1.1 with no assumptions on the
coefficients of the boundary when X is birational to a smooth projective variety.
The idea of the proof of Theorem 1.1. By the same arguments as in [Bir16],
we can assume that ∆ has standard coefficients. Our strategy follows the ideas
developed in [HW19b]. The main new difficulty is to show the existence of pl-flips
occuring in the above mmp. As observed in [HW19b], the corresponding pl-flipping
contractions contain a relatively ample divisor in the boundary. In particular,
by applying inversion of F-adjunction twice and using the F-regularity of relative
log Fano surfaces in the birational case (see [HX15, Theorem 3.1]) we can deduce
that these pl-flipping contractions are relatively purely F-regular (up to a small
perturbation).
Unluckily, in contrast to the three-dimensional case ([HX15]), this is not enough
to conclude the existence of flips. Indeed, [HX15] employs a strategy of Shokurov
for constructing flips which is not valid in higher dimensions. On the other hand,
it is not clear how to generalise the higher dimensional proof of the existence of
flips ([HM10]) from characteristic zero to positive characteristic in this setting, as
the proof calls for applying vanishing theorems on a log resolution, in which case
the relative pure F-regularity is lost.
We address this problem by finding a new way of constructing flips when the
boundary contains a relatively ample divisor.
Theorem 1.3 (cf. Theorem 4.2). Let (X,S+A+B) be an n-dimensional Q-factorial
dlt pair defined over a perfect field of characteristic p > 0 and let f : X → Z be a
(KX+S+A+B)-flipping contraction with ρ(X/Z) = 1 where S is an f -anti-ample
divisor, A is an f -ample divisor, and ⌊B⌋ = 0. Suppose that the minimal model
program is valid in dimension n − 1. If (X,S + (1 − ǫ)A + B) is relatively purely
F-regular for all 0 < ǫ < 1, then the flip of f exists.
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In fact, we show that H0(X,m(KX + S +A+B))→ H0(S,m(KS +AS +BS))
is surjective for all m > 0 sufficiently divisible where KS + AS + BS = (KX +
S+A+B)|S (Proposition 3.1). In particular, the finite generatedness of canonical
rings in dimension n− 1 implies that the canonical ring of (X,S+A+B) is finitely
generated as well, and so its projectivisation is the sought-for flip. Note that this
surjectivity is false without the ample divisor in the boundary (see Remark 3.3).
2. Preliminaries
A scheme X will be called a variety if it is integral, separated, and of finite type
over a field k. Throughout this paper, unless otherwise stated, we work over an
F -finite field of characteristic p > 0. We refer the reader to [KM98] for the standard
definitions and results of the minimal model program and to [HW19b] for a brief
introduction to F-singularities.
In this paper, a pair (X,B) consists of a normal variety X and an effective Q-
divisor B such that KX+B is Q-Cartier. The pair (X,B) is kawamata log terminal
(klt) (resp. log canonical (lc)) if for any proper birational morphism f : Y → X and
any prime divisor E on Y we have multE(BY ) < 1 (resp. multE(BY ) ≤ 1) where
KY + BY = f
∗(KX + B). If (X,B) admits a log resolution f : Y → X , then it
suffices to check the above condition for all prime divisors E on Y .
We say that a pair (X,B) such that B =
∑
biBi with 0 ≤ bi ≤ 1 is divisorially
log terminal (dlt) if there exists an open subset U ⊂ X such that U is smooth and
B|U has simple normal crossings support and for every proper birational morphism
f : Y → X and any prime divisor E on Y with centre Z contained in X \U , we have
multE(BY ) < 1. We say that aE(X,B) := 1 − multE(BY ) is the log dicrepancy
of (X,B) along E. A pair (X,S + B) with ⌊S + B⌋ = S irreducible, is purely log
terminal (plt) if aE(X,B) > 0 for any E 6= S.
A morphism of schemes f : X → Y is a universal homeomorphism if for any
morphism Y ′ → Y , the induced morphism X ′ = X ×Y Y ′ → Y ′ is a homeomor-
phism. In positive characteristic, it is known that a finite morphism is a universal
homeomorphism if and only if it factors a sufficiently high power of the Frobenius
morphism. We say that a variety X is normal up to universal homeomorphism if its
normalisation Xν → X is a universal homeomorphism. We learned the following
result from Ja´nos Kolla´r.
Lemma 2.1. Let (X,D +∆) be a dlt pair with D prime and Q-Cartier. Then D
is normal up to universal homeomorphism.
Proof. By [Kol16, Theorem 41], it is enough to show that Dsh \ {xsh} is connected
for the Henselisation Dsh of D at every point x ∈ D. If x is a point of codimension
at most two in X , then this follows by surface theory as (X,D +∆) is dlt. Thus,
we may assume that x is of codimension at least three in X . Let X∧ and D∧
be the completions of X and D at x, respectively. It is enough to show that
D∧ \ {x} is connected. Note that X∧ is normal ([Sta14, Tag 033C, 07GC, 037D]
and [Pop00, Lemma 2.7]), hence S2, and so X
∧ \ {x} is connected. Moreover,
X∧ \ {x} is S2 at every closed point x′ ∈ X∧ \ {x} (as the scheme is Catenary,
the codimension of x′ in X∧ is at least two). Since D∧ is of codimension one
([Sta14, Tag 07NV]) and Q-Cartier, we can apply [Gro05, XIII.2, Theorem 2.1, p.
139] to a Cartier multiple of D∧ to conclude the proof. 
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We refer to [GNT16] and [HW19b, Subsection 2.3] for the notion ofWO-rational
singularities. Since log resolutions of singularities are not known to exist beyond
dimension three, a singularity X is called WO-rational if Rif∗WOV,Q = 0 for
i > 0 and every quasi-resolution f : V → X (see [GNT16, Section 3]). Note that
it is enough to verify this condition on a single quasi-resolution ([CR12, Corollary
4.5.1]). In particular, if X admits a usual resolution of singularities, we can verify
this condition on it.
Lemma 2.2. Let (X,∆) be a Q-factorial dlt pair and S an irreducible component
of ⌊∆⌋. If Sν → S is the normalisation and KSν + ∆Sν = (KX + ∆)|Sν , then
(Sν ,∆Sν ) is dlt and there is a bijection between the strata of ⌊∆Sν ⌋ and the strata
of ⌊∆⌋ that are contained in S.
Let P ∈ S be any codimension 1 point on S and m the Cartier index of KX at
P . Then on a neighborhood of P ∈ X, mD is Cartier for any divisor D, and S is
normal, and (KX + S)|S = KS + (1−
1
m
)P .
Proof. By assumption there is an open subset U ⊂ X containing the generic points
of every strata of ⌊∆⌋ such that (U, ⌊∆⌋|U ) has simple normal crossings and the
complement Z = X \ U contains no non-klt centres. Then, it is easy to see that
(S ∩ U, ⌊∆⌋|S∩U ) = (Sν ∩ U, ⌊∆Sν ⌋|S∩U ) has simple normal crossings. Let E be
an exceptional divisor over S with centre cE whose generic point is not contained
in ⌊∆⌋|S∩U , and let I be an ideal sheaf on S, the blow-up of which contains E.
By blowing-up the pushforward of I on X and taking the normalisation, we may
construct a morphism X ′ → X such that if S′ ⊂ X ′ is the strict transform of S,
then E is a divisor on S′. After possibly further blow ups of X , we may assume
that there is an exceptional divisor F ⊂ X ′ such that S′ ∩ F = E and S′, F
intersect transversely at the generic point of E. But then the log discrepancies
satisfy aE(S
ν ,∆Sν ) = aF (X,∆) > 0. The first part of the lemma now follows
easily.
The second part of the lemma follows by standard results for surfaces once we
localise at P ∈ X . 
2.1. F-singularities. Since the work of Hacon and Xu [HX15], (global) F-regularity
has been one of the main tools in the minimal model program in positive charac-
teristics. In the local setting it gives a good analog of (and often coincides with)
klt singularities and in the global setting it provides us with a log Fano structure
and implies vanishing theorems. For the convenience of the reader we recall several
definitions and key results.
Definition 2.1. Let X be an F -finite scheme defined over a field of characteristic
p > 0. Given an effective Q-divisor B, we say that (X,B) is globally F-split if for
every integer e > 0, the natural homomorphism of OX -modules
OX → F
e
∗OX(⌊(p
e − 1)B⌋)
splits. We say that (X,B) is globally F-regular (resp. purely globally F-regular) if
for every effective divisor D on X (resp. every D ≥ 0 intersecting ⌊B⌋ properly)
and every integer e≫ 0, the natural homomorphism of OX -modules
OX → F
e
∗OX(⌊(p
e − 1)B⌋+D)
splits.
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If the above splittings hold locally on X , then we refer to these notions as F-
purity, strong F-regularity, and pure F-regularity, respectively. Given a morphism
f : X → Y , we say that (X,B) is relatively (over Y ) F-split, F-regular, or purely
F-regular, if the above splittings hold locally over Y .
Recall the following result observed in [SS10, Proof of Proposition 6.3].
Lemma 2.3. Let X,X ′ be two F -finite varieties defined over a field of characteris-
tic p > 0 and let φ : X 99K X ′ be a birational map which is an isomorphism at any
codimension one point. Let B ≥ 0 be a Q-divisor on X and B′ = φ∗B the corre-
sponding Q-divisor on X ′. Then (X,B) is globally F-split (resp. globally F-regular
or purely globally F-regular) if and only if (X ′, B′) is globally F-split (resp. globally
F-regular or purely globally F-regular).
Further, recall the following result known as inversion of F-adjuntion.
Lemma 2.4. Let (X,S + B) be a plt pair where S = ⌊S + B⌋ is a prime divisor
and let f : X → Z be a proper birational morphism of normal varieties over an
F -finite field of characteristic p > 0. Assume that −(KX + S +B) is f -ample and
(Sν , BSν ) is relatively F-regular over f(S), where S
ν → S is the normalisation and
KSν +BSν = (KX + S +B)|Sν . Then (X,S +B) is purely globally F-regular over
a neighborhood of f(S) ⊂ Z.
Proof. This follows by the same proof as [HW17, Lemma 2.10]. It uses the equality
between the different and the F -different. For this, note that [Das15, Theorem B]
assumes that the base field is algebraically closed, but the proof goes through for
every F -finite base field. 
Proposition 2.5. Suppose that (X,S + B) is a purely F -regular pair over an F -
finite field of characteristic p > 0 where ⌊S + B⌋ = S is a prime divisor. Then S
is normal.
Proof. See [MST+20, Theorem A] or the proof of [Das15, Theorem A]. 
Let L be a divisor and (X,B) be a log pair where p does not divide the index of
B. We let
S0(X,B;L) :=
⋂
Im
(
H0(X,F e∗OX((1− p
e)(KX +B) + p
eL))→ H0(X,OX(L))
)
,
where the intersection is taken over e > 0 sufficiently divisible so that (pe − 1)B is
integral. Note that, if f : X → U is a projective morphism to an affine variety such
that L− (KX+B) is f -ample, then (identifying f∗OX(L) with H0(X,OX(L))) the
subsheaf S0(X,B;L) ⊂ f∗OX(L) is coherent and equal to the single image for a
sufficiently big and divisible e > 0 (see the proof of [HX15, Proposition 2.15]).
We also have the following immediate consequence of [Sch14, 5.3].
Proposition 2.6. Let f : X → U be a projective morphism of varieties over an F -
finite field of positive characteristic, L a Weil divisor, and (X,S+B) a log pair such
that ⌊S+B⌋ = S is normal, p does not divide the index of B, and L−(KX+S+B) is
f -ample. Suppose that L is Cartier on an open neigbhourhood of S \Z, where Z ⊆ S
is a closed subset of codimension at least two. Then S0(X,B;L)→ S0(S,BS ;L|S)
is surjective where (KX + S +B)|S = KS +BS.
Proof. The claim follows easily from the following commutative diagram, which
exists as the different is equal to the F -different
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F∗OX((1 − pe)(KX + S +B) + peL) F∗OS((1− pe)(KS +BS) + peL|S)
OX(L) OS(L|S).

2.2. Special termination. Recall the following result known as special termina-
tion [Fuj07, Theorem 4.2.1].
Theorem 2.7. Assume that the log minimal model program for Q-factorial dlt
pairs holds in dimension ≤ n− 1. Let X be a normal Q-factorial n-fold, let B an
effective R-divisor such that (X,B) is dlt, and let
(X,B) 99K (X1, B1) 99K (X2, B2) 99K . . .
be a sequence of (KX + B)-flips. Then after finitely many steps, the flipping loci
are disjoint from ⌊Bi⌋.
Since the minimal model program for surfaces is known in full generality, the
above result implies special termination for threefolds and in some special cases for
fourfolds over F -finite fields of characteristic p > 0. Note that it is not true that
in positive characteristic log canonical centres are normal. However, by Lemma
2.2, we know that if W ν → W is the normalisation of a log canonical centre of a
dlt pair (X,B), then the induced pair KWν + BWν = (KX + B)|Wν is also dlt,
its log canonical centres are in bijection with the log canonical centres of (X,B)
contained in W , and the coefficients of BWν are the same as those given by the
usual adjunction in characteristic 0.
Theorem 2.8. The statement of Theorem 2.7 holds in dimension three over all
F-finite fields k of characteristic p > 5. In fact, given a projective log canonical
Q-factorial pair (X,B) over k and a sequence of (KX + B)-flips and divisorial
contractions
(X,B) =: (X0, B0) 99K (X1, B1) 99K (X2, B2) 99K . . . ,
the flipping loci are disjoint from the log canonical locus LCS(X,B) after finitely
many steps.
Proof. The three dimensional case of Theorem 2.7 is an immediate consequence of
the proof of [Fuj07, Theorem 4.2.1].
As for the log canonical case, we argue as in [Wal18, Proposition 4.2]. Let
fi : Xi → Zi be the flipping contractions and let (Y0, BY0) be the dlt modification
of (X0, B0). Now run the (KY0 + BY0)-mmp over Z0. This dlt MMP can be run
by [DW19, Theorem 1.1, 1.3, 1.5] and it terminates by the above paragraph with
a crepant dlt model (Y1, BY1) over (X1, B1). Continuing this process we get a
sequence of (compositions of) flips Y0 99K Y1 99K Y2 99K . . . together with maps
gi : Yi → Xi. By the above paragraph, the flipping loci are disjoint from ⌊BYi⌋
after finitely many steps, and since ⌊BYi⌋ = g
−1
i LCS(Xi, Bi) by Q-factoriality of
(Xi, Bi), we get that . . . 99K Xi 99K Xi+1 99K . . . avoids LCS(Xi, Bi). 
Theorem 2.9. Let (X,B) be a Q-factorial dlt fourfold defined over a field of char-
acteristic p ≥ 0 where B is an effective R-divisor. Let π : X → U be a projective
morphism and suppose that
(X,B) =: (X0, B0) 99K (X1, B1) 99K (X2, B2) 99K . . .
ON THE RELATIVE MMP FOR FOURFOLDS 7
is a sequence of (KX + B)-flips and divisorial contractions over U . Then after
finitely many steps, the intersections of the flipping and flipped loci with the non-
klt locus are at most one dimensional. In particular, the flipping and flipped loci
for Xi 99K Xi+1 cannot be both contained in ⌊Bi⌋ and ⌊Bi+1⌋. If dimU = 1,
κ(KX +B/U) ≥ 0, and ⌊B⌋ contains the fibre Xu for some point u ∈ U , then after
finitely many steps, the flipping loci are disjoint from Xu.
Proof. Since divisorial contractions descrease the Picard rank, we may assume that
the above sequence consists only of flips. Denote the flips by φi : Xi 99K Xi+1 and
denote the flipping and the flipped contractions by fi : Xi → Zi and f
+
i : Xi+1 →
Zi, respectively. Let S be an irreducible component of ⌊B⌋, let Si be its strict
transform on Xi, and let Ti := fi(Si). Note that the normalisation of Si need not
be Q-factorial.
By [Fuj07, Proposition 4.2.14] we may assume that f+i |Si+1 : Si+1 → Ti is small.
Moreover, if fi|Si : Si → Ti is divisorial, then the Picard rank as defined in [AHK07,
Lemma 1.6] satisfies ρ(Sνi /U) > ρ(S
ν
i+1/U), where S
ν
i and S
ν
i+1 are appropriate
normalisations. Thus again we may assume fi|Si is small, i.e. φi|Si : Si 99K Si+1
is of type (SS). The sum of the dimensions of the flipping and the flipped locus of
Xi 99K Xi+1 is at least three, so one of them must be 2-dimensional (in fact they
must be of type (2, 1), (2, 2) or (1, 2)), and so they cannot be both contained in the
non-klt locus.
Now, assume that dimU = 1, κ(KX +B/U) ≥ 0, and ⌊B⌋ contains the support
of the fibre Xu for some point u ∈ U . As observed above, after finitely many
steps, ⌊Bi⌋ contains no two-dimensional component of the flipping or flipped loci.
Suppose that the flipping locus (and thus also the flipped locus) is contained in
the fibre over u and hence in the non-klt locus. Since either the flipping or flipped
locus is two dimensional, this can not happen infinitely often. Therefore, we may
assume that for i≫ 0 the flipping and flipped loci dominate U .
We will hence work over a neighbourhood of the generic point η ∈ U . In par-
ticular, we can assume that log resolutions and terminalisations exist (cf. [DW19]).
Suppose that the flipping locus intersected with ⌊Bi⌋ dominates U . Then there is a
two-dimensional componentW of the flipping locus which is hence not contained in
⌊Bi⌋. Thus the flipping curves intersect a component of ⌊Bi⌋ positively. But then
the flipped locus is contained in ⌊Bi+1⌋ and is two-dimensional (as it dominates U)
and this is impossible. Therefore after finitely many steps, we may assume that the
flipping and flipped loci do not intersect ⌊Bi,η⌋. In particular, replacing Bi by {Bi},
we may assume that (Xi, Bi) are klt, and so the mmp terminates by Proposition
2.10. 
Proposition 2.10. Let (X,B) be a Q-factorial klt log pair of dimension n defined
over a field of characteristic p ≥ 0 where B is an effective R-divisor. Let π : X → U
be a projective morphism and suppose that
(X,B) =: (X0, B0) 99K (X1, B1) 99K (X2, B2) 99K . . .
is a sequence of (KX +B)-flips over U .
Assume that log resolutions of all n-dimensional log pairs with the underlying
variety being birational to X exist, and so do terminalisations for n-dimensional
Q-factorial klt pairs. Then it can happen only finitely many times that the flipping or
the flipped locus has a component of codimension two in Xn and which is contained
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in Bn. In particular, if κ(KX+B/U) ≥ 0, then the flipping locus is of codimension
at least three for n≫ 0.
Proof. This follows by the same argument as [AHK07, Theorem 2.15]. For the
convenience of the reader, we recall the argument briefly. Define the following
functions w−α , w
+
α ,W
−
α ,W
+
α : (−∞, 1)→ R≥0 for α ∈ (0, 1) by
w−α (x) = 1− x for x ≤ α, and w
−
α (x) = 0 otherwise,
w+α (x) = 1− x for x < α, and w
+
α (x) = 0 otherwise,
W−α (b) =
∑∞
k=1w
−
α (k(1 − b)),
W+α (b) =
∑∞
k=1w
+
α (k(1 − b)).
For any sub-terminal log pair (Y,BY ) and BY =
∑
biBi with Bi irreducible, we
define the difficulty ([AHK07, Definition 2.3])
d+α (Y,BY ) =
∑
bi≤0
W+α (bi)ρ(B˜i) +
∑
v
w+α (av)−
∑
C˜i,j
W+α (bi), where
• ρ is as in [AHK07, Lemma 1.6] (in particular, stable under small birational maps),
• v is taken over all valuations which are not echoes on Y (here, av denotes the
discrepancy of (Y,BY ) at v), and
• C˜i,j are codimension one irreducible components in B˜i of the inverse image of
a codimension two integral subscheme C ⊆ Y under the normalisation
⊔
B˜i →⋃
Bi. Here, we exclude those C which are centres of echoes.
We say that an irreducible C ⊆ Y is a centre of an echo if it is of codimension two,
contained in exactly one Bi, but not in SingBi. Here, a valuation is called a (k-th)
echo for such C if it corresponds to the last exceptional divisor of a sequence of k
blow-ups at strict transforms of C (see [AHK07, Example 1.4]). The discrepancy of
the k-th echo is k(1− bi). The difficulty is well defined and finite, because there are
only finitely many valuations with discrepancy in (−1, 0], and also finitely many in
(0, 1) if we exclude echoes ([AHK07, Lemma 1.5]; here we use log resolutions).
We can similarly define d−α . The difficulties are stable under log pullbacks
([AHK07, Lemma 2.7]), and so we extend these definitions to arbitrary Q-factorial
klt pairs by taking the difficulty of a terminalisation ([AHK07, Definition 2.8]).
The difficulties are non-negative for klt pairs ([AHK07, Lemma 2.9]) and decreas-
ing for a sequence of flips (Xn, Bn) 99K (Xn+1, Bn+1) if we start with n ≫ 0
([AHK07, Theorem 2.12]).
We are ready to give the proof of the proposition. First, we show that there
are only finitely many flips with flipping or flipped loci admitting a component
C of codimension two and contained in SingXn (this is [AHK07, Lemma 2.14]
with the use of Bertini replaced by localisation at C). By taking n ≫ 0, we can
assume that the places with discrepancies smaller or equal to zero are stable under
flips: let E1, . . . , Em be such places over Xn with discrepancies a1, . . . , am ≤ 0.
In particular, the minimal discrepancy of the two-dimensional singularity obtained
by localisation at V must be equal to ai for some i. It is known by experts that
mlds for klt surface singularities satisfy the ascending chain condition, and since
flips increase discrepancies, the statement follows. As this result is unpublished, we
refer to Lemma 2.11 instead.
We are left to show that there are only finitely many flips with flipping or flipped
loci admitting a component C of codimension two and contained in SuppBn but
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not SingXn. The blow-up along C produces a divisor with discrepancy 1−
∑
mibi
for mi ∈ Z≥0. There are only finitely many such discrepancies, and, thus, it is
enough to prove the following claim: given α ∈ (−1, 1) there cannot be infinitely
many flips for which there exists a valuation v with av = α and centre contained
in the flipping or the flipped locus ([AHK07, Theorem 2.13]). The case α ∈ (−1, 0]
follows by finiteness, while for α ∈ (0, 1) we notice that d−α drops by at least 1− α
if the flipping locus admits such a valuation, and so does d+α for the flipped locus.
Since the difficulties are positive and finite, this can only happen finitely many
times.
The last assertions follows by replacing B by B + ǫM for 0 ≤M ∼Q,U KX +B
and 0 < ǫ ≪ 1, since then every flipping curve Σ satisfies Σ ·M < 0, and so is
contained in M . 
Lemma 2.11. Fix m ∈ N and ǫ > 0. Consider all ǫ-lc excellent two-dimensional
varieties (S,B) over a field k with the minimal log resolution having at most m
distinct discrepancies. Then the set of all these discrepancies for such surfaces is
finite.
Proof. Let f : S′ → S be the minimal resolution at a point s ∈ S with k exceptional
curves Ci (which are k(s)-schemes) and let Γ be the corresponding graph. Write
KS′ +BS′ = f
∗(KS +BS) and let ai be the log discrepancy of Ci in (S
′, BS′). We
will use the results of [Kol13]. Set ri := dimk(s)H
0(Ci,OCi). Then C
2
i = −rici
for ci ∈ Z. Note that Ci are conics over the field H0(Ci,OCi) and in particular
degωCi = −2ri ([Kol13, Reduction 3.30.2]). By adjunction,
aiC
2
i = (KS′ +BS′ + aiCi) · Ci ≥ −2ri,
and so −ci ≤
2
ai
is bounded. By classification ([Kol13, 3.31 and 3.41]), ri ≤ 4,
and so −C2i is bounded. Further, Ci · Cj is bounded as well for every i 6= j (see
[Kol13, 3.41]).
Recall that Γ is a tree with at most one fork and three legs ([Kol13, 3.31]), there
are no −1-curves, and the convexity of discrepancies holds ([Kol13, Proposition
2.37]), that is, given three consecutive curves C1, C2, and C3 on a leg, we have
2a2 ≤ a1 + a3. In fact, it follows easily from the same proof that if 2a2 = a1 + a3,
then c2 = −2, f
−1
∗ B · C2 = 0, and C2 · C1 = C2 · C3 = r2.
By the negativity lemma, the k equations
C2i = −2ri +BS′ · Ci.
are linearly independent and uniquely determine the discrepancies. Given a maxi-
mal sequence of successive curves C1, . . . , Cr on one leg with the same discrepancies
ai and parameters ri, we remove the equations corresponding to C2, . . . , Cr−1 and
replace all occurences of a2, . . . , ar by a1. This operation does not change the set
of solutions (indeed, this is equivalent to adding equations a1 = a2 = . . . = ar
which does not change the set of solutions but renders the equations corresponding
to C2, . . . , Cr−1 trivial), and so, eventually, given the shape of Γ ([Kol13, 3.31]),
we are left with bounded-in-m number of equations with bounded coefficients and
in the same or lower number of variables. Therefore the set of discrepancies is
bounded in terms of m as well.

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Remark 2.12. It is expected that one can prove the special termination of sequences
of the fourfold mmp with scaling. We do not pursue it here.
3. Extending sections
In this section we prove an extension result for purely F-regular pairs. In par-
ticular, the following proposition implies Theorem 1.3.
Proposition 3.1. Let (X,S+A+B) be a dlt pair over an F -finite field of charac-
teristic p > 0 where ⌊S +A+B⌋ = S +A, the Q-Cartier Weil divisor A is ample,
and the Weil divisor S is irreducible. Further, let f : X → Z be a contraction with
Z affine such that (X,S + (1 − ǫ)A + B) is relatively purely F-regular over Z for
any ǫ > 0. Write KS +BS = (KX + S +B)|S and AS = A|S .
Then for every k ≥ 1 such that k(KX + S + B +A) is Cartier, we have
|k(KX + S +A+B)|S = |k(KS +AS +BS)|.
Proof. Let F ∈ |k(KS +BS +AS)|. We will construct divisors Gm ∈ |k(KX + S +
B+A)+mA| such that Gm|S = F +mAS by descending induction. First, we take
M ≫ 0 for which we can construct GM by Serre vanishing. Now, assume that we
constructed Gm+1 as above. To construct Gm we proceed as follows. Write
L = k(KX + S +B + A) +mA
= KX + S +B + (k − 1)(KX + S +B +A) + (m+ 1)A
∼Q KX + S +B +
k−1
k
Gm+1 +
m+1
k
A.
Since L − (KX + S + B +
k−1
k
Gm+1) is ample, up to a small perturbation of the
coefficients, by Proposition 2.6 we have a surjection
S0(X,S +B + k−1
k
Gm+1;L)→ S
0(S,BS +
k−1
k
Gm+1|S ;L|S).
Since (S,BS +
k−1
k
AS) is relatively F-regular and
F +mAS ≥
k−1
k
Gm+1|S −
k−1
k
AS =
k−1
k
(F +mAS),
Lemma 3.2 implies that the section corresponding to F +mAS lies in the image
of the above map. This concludes the construction of Gm, and so we obtain a lift
G0 ∈ |k(KX + S +B +A)| of F . 
Lemma 3.2. Let (X,B) be a projective globally F-regular pair defined over an F -
finite field of characteristic p > 0, let L be a Weil divisor, and let Γ be an effective
Q-divisor. If g ∈ H0(X,OX(L)) corresponds to a divisor G ∈ |L| such that G ≥ Γ,
then g ∈ S0(X,B + Γ;L).
Proof. By replacing X by its regular locus, we can assume that it is regular and
hence factorial. Further, we perturb B so that its index is not divisible by p. Since
(X,B) is globally F-regular, we have a splitting of
F e∗OX((1 − p
e)(KX +B))→ OX ,
and it follows easily, after tensoring by OX(L), that H0(X,OX(L)) = S0(X,B;L).
By the projection formula, g is in the image of the map on global sections induced
by the homomorphism
H0(X,F e∗OX((1− p
e)(KX +B) + p
e(L−G)))→ H0(X,OX(L)).
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Since G ≥ Γ, this homomorphism factors through the homomorphism
H0(X,F e∗OX((1− p
e)(KX +B + Γ) + p
eL))→ H0(X,OX(L)),
concluding the proof. Indeed, the above map comes from taking the Grothendieck
dual of OX(−G)→ F e∗OX((p
e − 1)(B + Γ)− peG)→ F e∗OX((p
e − 1)B). 
Remark 3.3. (C. Xu) Let k be a field of characteristic zero or any field of positive
characteristic, respectively. Suppose that f : X → Z is a flipping contraction and
φ : X 99K X+ is the flip of a dlt pair (X,S +A+B), where both −S and A are f -
ample, S is irreducible, and ⌊S+A+B⌋ = S+A. Write KS+BS = (KX+S+B)|S
and AS = A|S. Assume for simplicity that S is normal.
We claim that |k(KX+S+A+B)|S = |k(KS+AS+BS)| for every integer k > 1
such that k(KX + S + A + B) is integral (resp. any sufficiently divisible integer).
This explains why we can obtain such strong liftability results, which are normally
false when there is no ample divisor in the boundary (cf. [HM10]).
To see the claim, notice that if S+ = φ∗S, then S 99K S
+ extracts no divisors.
In fact, if P ⊂ S+ is an extracted divisor, then since A+ = φ∗A is f+ : X+ → Z
anti-ample, it contains P and hence there is a divisor F over X+ with centre P
such that the log-discrepancy aF (X
+, S+ + A+ + B+) = 0 which is impossible, as
(X,S +A+B) is dlt and discrepancies improve after flips.
Now, since KX+ +S
++A++B+ is f+-ample, by Kawamata-Vieweg vanishing
(resp. Serre vanishing)
H0(X+, k(KX+ + S
+ +A+ +B+))→ H0(S+, k(KS+ +AS+ +BS+))
is surjective. Since φ is a small birational morphism, H0(X+, k(KX+ +S
++A++
B+)) ∼= H0(X, k(KX +S+A+B)) and since S 99K S+ is a (KS +AS +BS)-non-
positive birational contraction,
H0(S+, k(KS+ +AS+ +BS+)) ∼= H
0(S, k(KS +AS +BS)).
4. Relative Minimal Model Program over Q-factorial fourfolds
In this section we prove Theorem 1.1.
4.1. Existence of pl-flips with ample divisor in the boundary. In order to
show Theorem 4.2, we need the following lemma.
Lemma 4.1. Let (S,C + B) be a three-dimensional plt pair with standard coeffi-
cients defined over an F -finite field of characteristic p > 5, where f : S → T is a
birational morphism, C is an irreducible divisor with f |C : C → f(C) birational,
and −(KS +C +B) is an f -ample Q-divisor. Then (S,C +B) is relatively purely
F-regular over a neighborhood of f(C) ⊂ T .
Proof. We may assume that T is normal (cf. [HW17, Remark 2.6]). By [HX15,
Proposition 4.1] (cf. [MST+20, Theorem G]), C is normal. Further, by adjunction,
if KC + BC = (KS + C + B)|C , then (C,BC) is klt with standard coefficients
(see Lemma 2.2). Since C → f(C) is birational, (C,BC) is relatively globally
F-regular ([DW16, Theorem 5.1], cf. [HX15, Theorem 3.1], [HW19a, Proposition
2.9]). By Lemma 2.4, it follows that (S,C + B) is relatively purely F-regular over
a neighborhood of f(C).

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Theorem 4.2. Let (X,∆) be a four-dimensional Q-factorial dlt pair with standard
coefficients defined over an F -finite field k of characteristic p > 5 and φ : X → Z
a flipping contraction of a (KX + ∆)-negative extremal ray R with ρ(X/Z) = 1.
Suppose that there exist irreducible divisors S,A ⊂ ⌊∆⌋ such that R · S < 0 and
R ·A > 0. Then the flip (X+,∆+) exists. Moreover, both X and X+ are relatively
F-regular over (a neighborhood of the image of the flipping locus in) Z.
Proof. The statement is local and hence we may assume that Z is affine and we
work in a neighborhood of some point z ∈ Z in the image of the flipping locus.
Replacing ⌊∆⌋ − S − A by (1 − 1
m
)(⌊∆⌋ − S − A) for some m ≫ 0, we may
assume that ⌊∆⌋ = S + A. Let KSν + ASν + BSν = (KX + S + A + B)|Sν with
ASν = A|Sν and Sν being the normalisation of S. Then (Sν , ASν + BSν ) is a
plt threefold with standard coefficients. Since ASν is relatively ample, it is not
exceptional. As −(KSν +ASν + BSν ) is relatively ample, Lemma 4.1 implies that
(Sν , ASν +BSν ) is purely F-regular over a neighborhood of f(ASν ). By Lemma 2.4,
(X,S+(1−ǫ)A+B) is purely F-regular over a neighborhood of f(AS) for any ǫ > 0.
Since every flipping curve is contained in S and intersects A, (X,S+(1− ǫ)A+B)
is purely F-regular over a neighborhood of the image of the flipping locus. In
particular, we can assume that S is normal.
By Shokurov’s reduction to pl-flips (see eg. [Cor07, Lemma 2.3.6]), it suffices to
show that the restricted algebra
RS(KX + S +A+B) := Im (R(KX + S +A+B)→ R(KS +AS +BS))
is finitely generated. By Proposition 3.1 in fact RS(KX + S + A + B) = R(KS +
AS +BS) (in divisible enough degrees). Since (S, (1− ǫ)AS +BS) is a klt threefold
for 0 < ǫ ≤ 1, the ring R(KS +AS +BS) is finitely generated by [DW19, Theorem
1.4 and 1.6].
If φ : X 99K X+ is the corresponding flip, then since the flipping contraction
f : X → Z is relatively F-regular (over a neighborhood of the image of the flip-
ping locus) and φ is an isomorphism in codimension two, the flipped contraction
f+ : X+ → Z is also relatively F-regular (see Lemma 2.3). 
Remark 4.3. The same argument shows that Lemma 4.1 holds in dimension two
for every F -finite field of characteristic p > 0 without the assumption that B has
standard coefficients, and so Theorem 4.2 holds in dimension three for p > 0 without
the assumption that ∆ has standard coefficients (the required result on the canonical
ring being finitely generated in dimension two follows from [Tan18, Theorem 1.1 and
4.2]). This gives a direct proof of the existence of flips needed in [HW19b] without
referring to [HX15].
4.2. Proof of Theorem 1.1. We start by constructing contractions.
Proposition 4.4. Let (X,S +B) be a Q-factorial dlt fourfold defined over an F -
finite field of characteristic p > 5 and equipped with a projective morphism π : X →
U to a quasi-projective variety. Let Σ be a (KX + S + B)-negative extremal ray
over U such that S ·Σ < 0. Further, suppose the nef cone NE(X/U) is generated by
NE(X/U)KX+S+B>0 and countably many extremal rays which do not accumulate
in NE(X/U)KX+S+B<0. Then the contraction f : X → Z of Σ exists so that f is
a projective morphism with ρ(X/Z) = 1.
Proof. Perturbing the coefficients, we may assume that (X,S +B) is plt. We may
pick an ample over U Q-divisor H such that L = KX+S+B+H is nef over U , dlt,
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and L⊥ is spanned by Σ. Let A be an ample Q-divisor such that (S +A) · Σ = 0,
then for any 0 < ǫ ≪ 1 we may pick an ample Q-divisor Hǫ ∼Q H + ǫ(S + A)
such that L = KX + S +B +Hǫ is nef over U , dlt, (Lǫ)
⊥ = R[Σ], and E(Lǫ) ⊂ S.
To verify the last inclusion, notice that if V ⊂ X is a subvariety not contained in
S, then Lǫ|V = (L + ǫ(S + A))|V is nef and big over U , and so LdimVǫ · V > 0.
Replacing L by Lǫ, we may assume that E(L) ⊂ S.
By adjunction, L|Sν = KSν+BSν+HSν is klt where Sν → S is the normalisation
and HSν = H |Sν . By [DW19, Theorem 1.4], L|Sν is semiample over U . Since S is
normal up to universal morphism, L|S is semiample by [Kee99, Lemma 1.4]. Since
E(L) ⊆ S, [Kee99, Theorem 0.2] implies that L is semiample over U , and thus it
induces a projective morphism f : X → Z contracting Σ and such that f∗OX = OZ
and ρ(X/Z) = 1. 
Theorem 4.5. Let (Y,∆) be a four-dimensional Q-factorial dlt pair with standard
coefficients defined over an F -finite field of characteristic p > 5. Assume that there
exists a projective birational morphism π : Y → X over a normal Q-factorial variety
X such that Ex(π) ⊂ ⌊∆⌋. Then π-relative divisorial and flipping contractions and
flips exist for KY +∆, and we can run a (KY +∆)-mmp over X which terminates
with a minimal model φ : Y 99K Y ′.
Proof. If KY +∆ is π-nef, then we are done. Otherwise we run a (KY +∆)-mmp
over X . Let φk : Y = Y0 99K Y1 99K . . . 99K Yk be a sequence of flips and contrac-
tions and let ∆k be the strict transforms of ∆ on Yk. Since X is Q-factorial, there
exists an effective exceptional divisor E on Yk such that −E is ample over X . In
particular ⌊∆k⌋ contains all πk : Yk → X exceptional curves. We must show that
we can continue the mmp. The termination will then follow by Theorem 2.9 as
both the flipping and flipped locus must be contained in Ex(π) ⊆ ⌊∆⌋. Note that
if KYk + ∆k is nef over X , then Yk is the required minimal model. Therefore, we
may assume that KYk +∆k is not nef over X .
We start by establishing the cone theorem. Let Si be all the πk-exceptional
divisors for 1 ≤ i ≤ r. Restricting to the normalisation Sνi of Si, we get that
(Sνi ,∆Sνi ) is dlt, where KSνi +∆Sνi = (KYk +∆k)|Sνi . The three-dimensional cone
theorem [DW19, Theorem 1.1] states that
NE(Sνi /X) = NE(S
ν
i /X)KSν
i
+∆Sν
i
≥0 +
∑
j≥1
R≥0[Γi,j ],
where 0 > (KSνi + ∆Sνi ) · Γi,j = (KYk + ∆k) · Γi,j . Here {Γi,j}j≥1 is a countable
collection of curves on Sνi and Γi,j denote their images on Si ⊆ Yk. Since Ex(πk) ⊂
Supp(E), there is a surjection
∑r
i=1 NE(S
ν
i /X)→ NE(Yk/X) and hence
NE(Yk/X) = NE(Yk/X)KYk+∆k≥0 +
∑
1≤i≤r,1≤j
R≥0[Γi,j ].
Note that for any ampleQ-divisorHk on Yk, the set {Γi,j | (KYk+∆k+Hk)·Γi,j ≤ 0}
is finite.
Now, pick an extremal curve C = Γi,j for some i, j. Then, there is an effective
πk-exceptional divisor S such that S · C < 0, and hence a contraction f : Yk → Z
of C exists by Proposition 4.4 applied to (Yk,∆k). If f is a divisorial contraction,
we let Yk+1 = Z. If f is a flipping contraction, then by [HW19b, Lemma 3.1] there
exists an f -ample irreducible divisor A which is π-exceptional and hence contained
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in ⌊∆k⌋. By Theorem 4.2, the flip f+ : Y + → Z exists. We let Yk+1 = Y +,
ψ : Yk 99K Yk+1, and KYk+1 +∆k+1 = ψ∗(KYk +∆k). 
Proof of Theorem 1.1. Note that the proof of Theorem 4.5 implies the existence of
all relevant divisorial and flipping contractions and the termination of the relevant
flips. It suffices therefore to show the existence of flips. Suppose that f : Y → Z
is a flipping contraction over X . We must show that the corresponding flip Y + →
Z exists. Let ζ(∆) be the number of components of ∆ whose coefficient is not
contained in the standard set {1 − 1
m
| m ∈ N} ∪ {1}. We will prove the result by
induction on ζ(∆).
Note that if ζ(∆) = 0, then by Theorem 4.5 the required flip exists. Therefore,
we assume that ζ(∆) > 0, and so we may write ∆ = aS + B where a 6∈ {1 −
1
m
| m ∈ N} ∪ {1}. Note that S is not exceptional over X (as the exceptional
divisors occur with coefficient one). Let ν : Y ′ → Y be a log resolution which is
an isomorphism at the generic points of strata of ⌊∆⌋ and let B′ = ν−1∗ B +Ex(ν),
S′ = ν−1∗ S. Since ζ(B
′ + S′) < ζ(∆), we may run the (KY ′ + S
′ + B′)-mmp over
Z. We obtain a birational contraction φ : Y ′ 99K Y ′′ such that KY ′′ + S
′′ + B′′ =
φ∗(KY ′ + S
′ + B′) is nef over Z and all components of ⌊S′′ + B′′⌋ are normal up
to universal homeomorphism. We now run a (KY ′′ + aS
′′ +B′′)-mmp over Z with
scaling of (1− a)S′′. Note that this is also a (KY ′′ +B′′)-mmp and ζ(B′′) < ζ(∆).
Therefore the required minimal model Y ′′ 99K Y + exists. Since the log resolution
was an isomorphism at the generic points of strata of ⌊∆⌋, it is easy to see that
this is the required flip (cf. [HW19a, Section 7.1]). 
4.3. Applications. We begin by proving that fourfold Q-factorial klt singularities
are WO-rational.
Corollary 4.6. Let X be a Q-factorial klt fourfold over a perfect field k of charac-
teristic p > 5 admitting a log resolution of singularities. Then X has WO-rational
singularities.
Proof. Let π : Y → X be a log resolution and run the (KY +Ex(f))-mmp over X .
By standard arguments, this mmp contracts Ex(f) and so its output Y ′ → X is
a small birational morphism and hence an isomorphism as X is Q-factorial. We
shall show that if g : Y 99K Yn is a sequence of steps of the mmp, with the in-
duced map πn : Yn → X , then Riπ∗WOY,Q = Ri(πn)∗WOYn,Q. As a consequence
Riπ∗WOY,Q = 0 for i > 0, and so X has WO-rational singularities. Thus, induc-
tively, after replacing Y by some steps of the mmp, we may assume that (Y,Ex(f))
is dlt. Let f : Y → Z be a Mori contraction over X with ρ(Y/Z) = 1.
Assume that f is divisorial. There exists an f -anti-ample irreducible divisor
S ⊆ Ex(f) with the induced map fS : S → X . Set KSν +∆Sν = (KY +Ex(f))|Sν ,
where Sν is the normalisation of S with the induced map fSν : S
ν → X . Then
(Sν ,∆Sν ) is dlt by Lemma 2.2 and −(KSν+∆Sν ) is fSν -ample. Up to perturbation,
we can assume that (Sν ,∆Sν ) is klt, and so, by [NT20, Theorem 3.11],
Ri(fSν )∗WOSν ,Q = 0
for i > 0. Since S is normal up to universal homeomorphism (Lemma 2.1), [NT20,
Lemma 2.17] and [GNT16, Lemma 2.20 and 2.21] together with the Leray spectral
sequence imply that Ri(fS)∗WOS,Q = 0 for i > 0. Let u : S → Y be the inclusion
and let IS be the ideal sheaf defining S. Then, we get the following short exact
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sequence (cf. [GNT16, Proof of Proposition 3.4])
0→WIS,Q →WOY,Q → u∗WOS,Q → 0.
By [GNT16, Proposition 2.23], Rif∗WIS,Q = 0 for i > 0, and so
Rif∗WOY,Q = R
if∗(u∗WOS,Q) = R
i(fS)∗WOS,Q = 0,
where the second equality follows from [GNT16, Lemma 2.20 and Lemma 2.21].
Moreover, f∗WOY,Q = WOZ,Q by [NT20, Lemma 2.17], and so we can conclude
the proof when f is divisorial by the Leray spectral sequence.
Suppose that f is a flipping contraction and let πZ : Z → X be the induced map.
Let φ : Y 99K Y + be the flip, let f+ : Y + → Z be the flipped contraction, and let
π+ : Y + → X be the induced map. As before, by [HW19b, Lemma 3.1] and Theo-
rem 4.2, both Y and Y + are relatively F-regular over Z. In particular, Rf∗OY = OZ
and Rf+∗ OY + = OZ (see [SS10, Theorem 6.8] and the proof of [HW19a, Proposi-
tion 3.4]). By [NT20, Lemma 2.17] and [GNT16, Lemma 2.19 and Lemma 2.21],
f∗WOY,Q = f+∗ WOY +,Q = WOZ,Q and R
if∗WOY,Q = Rif+∗ WOY +,Q = 0 for
i > 0. By the Leray spectral sequence:
Riπ∗WOY,Q = R
i(πZ)∗WOZ,Q = R
iπ+∗ WOY +,Q. 
Next, we show the existence of dlt modifications.
Corollary 4.7. Let (X,∆) be a four-dimensional Q-factorial log pair with stan-
dard coefficients admitting a log resolution and defined over an F -finite field of
characteristic p > 5. Then a dlt modification of (X,∆) exists, that is, a birational
morphism π : Y → X such that (Y, π−1∗ ∆+Ex(π)) is dlt, Q-factorial, and minimal
over X.
Proof. Let π : Y → X be a log resolution of (X,∆). Then, a dlt modification is a
minimal model of (Y, π−1∗ ∆+Ex(π)) over X (see Theorem 1.1). 
Finally, we prove that inversion of adjunction holds.
Corollary 4.8. Consider a Q-factorial four-dimensional log pair (X,S + B) with
standard coefficients defined over an F -finite field of characteristic p > 5, where S
is an irreducible divisor. Assume that (X,S + B) admits a log resolution. Then
(X,S + B) is plt on a neighborhood of S if and only if (S˜, BS˜) is klt, where S˜ is
the normalisation of S and BS˜ is the different.
Proof. By considering a log resolution of (X,S+B) it is easy to see that if (X,S+B)
is plt, then (S˜, BS˜) is klt. Thus, we can assume that (S˜, BS˜) is klt and aim to show
that (X,S + B) is plt near S.
Let π : Y → X be a dlt modification of (X,S +B) (see Corollary 4.7) and write
KY + SY + BY = π
∗(KX + S + B). By definition (of a dlt modification) for any
π-exceptional irreducible divisor E we have that E ⊆ ⌊BY ⌋. Write
(π|SY )
∗(KS˜ +BS˜) = (KY + SY +BY )|S˜Y = KS˜Y +BS˜Y ,
where S˜Y → SY is the normalisation of SY , and BS˜Y is the different. Let E be a
π-exceptional divisor intersecting SY . Since E ⊆ ⌊BY ⌋ and (Y, SY +Ex(π)) is dlt,
we must have that E ∩ SY ⊆ ⌊BS˜Y ⌋. Since E ∩ SY 6= ∅, this contradicts (S˜, BS˜)
being klt.
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Therefore we may assume that E ∩ SY = ∅, so that Y = X near S and hence
(X,S + B) is dlt on a neighborhood of S. Since S is irreducible, (X,S + B) is in
fact plt. 
5. Relative mmp
Throughout this section, was assume that log resolutions of all log pairs with
the underlying variety being birational to X as below exist (and are given by a
sequence of blow-ups along the non-snc locus). The assumption on the field being
algebraically closed is necessary to invoke Bertini’s theorem for strongly F-regular
singularities.
We start by proving the following base point free theorem. This result would
follow easily if we knew the base point free theorem for slc threefolds.
Proposition 5.1. Let R be a local ring of a curve C defined over an algebraically
closed field of characteristic p > 5 with s, η ∈ SpecR being the special and the
generic points, respectively. Let (X ,Φ) be a Q-factorial dlt pair with standard co-
efficients of dimension four and projective over the curve C and let (X,∆) :=
(X ,Φ)×C SpecR with the natural projection φ : X → SpecR.
Suppose that KX +∆ is nef and big, and ⌊∆⌋ = Supp(φ−1(s)). Then KX +∆
is semiample.
Proof. Write SuppXs =
∑r
i=1 Ei for irreducible divisors Ei, and L := KX + ∆.
Since (X,∆) is klt over η, we get that L|Xη is semiample by [DW19, Theorem 1.4].
By [CT17, Theorem 1.1], it thus suffices to show that L|Xs is semiample. Since L is
big, we may assume that ∆+L ∼Q H+F+G where H is ample, F ≥ 0 is supported
on Xs, and the support of G ≥ 0 contains no divisors of Xs. Let π : Y → X be
a dlt modification of (X,∆ + δG) for some 0 < δ ≪ 1 (see Corollary 4.7). Then
KY +∆Y = π
∗(KX +∆) where ∆Y = π
−1
∗ ∆+Ex(π) and π
−1
∗ G contains no strata
of ⌊∆Y ⌋. Note that as (X,∆) is dlt, the non-klt places of (X,∆+ δG) and (X,∆)
coincide. Let P be an effective π-exceptional divisor such that −P is π-ample.
Then the support of P is contained in Ys and we may assume that π
∗H − P is
ample over SpecR. Note that ∆Y − π∗∆ is supported on Ex(π). We have
∆Y + π
∗L = π∗H − P + P +∆Y − π
∗∆+ π∗(F +G) = HY + FY +GY
where GY = π
−1
∗ G, HY = π
∗H − P is ample over SpecR, and FY = P + π∗F +
π∗G−GY +∆Y − π∗∆ is supported on Ys (further, we add some multiple of Ys to
make it effective). Replacing X,∆, L,H, F,G by Y,∆Y , π
∗L,HY , FY , GY , we may
assume that (X,∆ + δG) is dlt, ⌊∆⌋ = SuppXs, F is supported on Xs, and H is
ample.
Since H is ample, we may further assume that the support of F =
∑
fiFi equals
Xs where the fi are chosen generically. In particular,
(X,∆ǫ,δ := (1− δ)∆+ǫXs + δ(H + F +G))
is klt for 0 < δ ≪ 1 and some small but possibly negative ǫ. Note thatKX+∆ǫ,δ ∼Q
(1 + δ)L.
Fixing δ and increasing ǫ, since the fi are chosen generically, we obtain a sequence
of rational numbers ǫ < ǫ1 < ǫ2 < . . . < ǫr such that ⌊∆ǫi,δ⌋ = Ui :=
∑i
j=1 Ej and
Ei occurs with coefficient one in ∆ǫi,δ. Here of course we have re-indexed the Ei
accordingly. We claim that
ON THE RELATIVE MMP FOR FOURFOLDS 17
Claim 5.1. (KX +∆)|Eνi is semiample over R where E
ν
i → Ei is the normalisation,
and hence also (KX + ∆)|Ei is semiample (since Ei are normal up to universal
homeomorphism).
Granting the claim and proceeding by induction, we may assume that (KX +
∆)|Ui−1 is semiample and we must show that (KX+∆)|Ui is semiample. By [Kee99,
Corollary 2.9], it suffices to show that g2|Ui−1∩Ei has connected geometric fibres
where g2 : E
ν
i → V is the morphism associated to the semiample Q-divisor (KX +
∆)|Eν
i
. Note that (KX + ∆)|Eν
i
≡V 0, hence −(KEν
i
+ ∆′Eνi
) := −(KX + ∆′ǫi,δ −
δH)|Eνi is ample over V . By [NT20, Theorem 1.2], the fibres of the non-klt locus
of (Eνi ,∆
′
Eνi
) are geometrically connected. Since this non-klt locus coincides with
Ui−1 ∩Ei (as KX +∆+ δ(H +G) is dlt), the statement of the proposition follows.
Proof of Claim 5.1. We proceed by induction. Set KEν
i
+∆Eν
i
= (KX +∆)|Eν
i
.
First, if L|Eν
i
is big, then it is semiample by [Wal18, Theorem 1.1]. Hence, we
can assume that it is not big. In particular, L|Eν
i
− γ⌊∆Eν
i
⌋ is not pseudo-effective
for any γ > 0 (note that ⌊∆Eν
i
⌋ is Q-Cartier). Indeed, assume otherwise and write
L ∼Q H ′+F ′+G′, where H ′ is ample, F ′ ≥ 0 is supported on Xs, and the support
of G′ ≥ 0 contains no divisors of Xs. By shifting F ′ by a multiple of φ−1(s), we
may assume that F ′ does not contain Ei in its support (but it is not necessarily
effective any more). Thus we can write
(m+ 1)L|Eνi ∼Q H
′|Eνi +mL|Eνi + F
′|Eνi +G
′|Eνi
∼Q H
′|Eνi + (mL|Eνi − t⌊∆Eνi ⌋) + (F
′|Eνi + t⌊∆Eνi ⌋) +G
′|Eνi
for m, t ∈ N and 0 < ǫ ≪ 1 such that that both ǫH ′|Eν
i
+ mL|Eν
i
− t⌊∆Eν
i
⌋ and
F ′|Eν
i
+ t⌊∆Eν
i
⌋ are Q-effective. This shows that L|Eν
i
is big.
Let (Ei,∆Ei) be a dlt modification of (E
ν
i ,∆Eνi ) so that Ei is Q-factorial ([Bir16,
Theorem 1.6]). Since (Eνi ,∆Eνi ) is dlt, we may assume that Ei → E
ν
i is small. Let
r be the Cartier index of KEi +∆Ei and let Li be the pullback of L|Eνi . Note that
Li ∼Q KEi + ∆Ei . We will run the (KEi + ∆Ei − γ⌊∆Ei⌋)-mmp for γ =
1
6r+1 ,
which by the above must terminate with a Mori fibre space (cf. [BW17, Theorem
1.7]).
We claim that each step of the mmp is (KEi +∆Ei)-trivial. To this end, assume
that after replacing (Ei,∆Ei) by the output of some finite number of steps of
the mmp, there exists a log resolution h : E′i → Ei such that rh
∗(KEi + ∆Ei) is
Q-equivalent to a Cartier divisor (in the first step, we can take h = id, but not
necessary later, as the Cartier index of relatively numerically trivial divisors is
not preserved under the mmp in positive characteristic due to the base point free
theorem being weaker than in characteristic zero). Note that (KEi+∆Ei−⌊∆Ei⌋) ·
Γ ≥ −6 for any (KEi + ∆Ei − γ⌊∆Ei⌋)-negative extremal ray ([BW17, Theorem
1.1]). But if (KEi + ∆Ei) · Γ > 0, then (KEi + ∆Ei) · Γ ≥ 1/r by the above
assumption and [BW17, Lemma 3.6], and hence
(KEi +∆Ei − γ⌊∆Ei⌋) · Γ ≥
1− γ
r
− 6γ = 0
which is a contradiction. It follows that this mmp preserves the nefness and the
assumption on the existence of h, and so we may repeat the process.
By replacing Ei by the output of this mmp and ∆Ei together with Li by their
pushforwards, we can assume that we have a (KEi+∆Ei−γ⌊∆Ei⌋)-Mori fibre space
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ψ : Ei → Z (in particular Z is normal). Since ψ is Li-trivial, ⌊∆Ei⌋ is relatively
ample so that one of its components, say W , dominates Z. We claim that Li|W is
semiample. This can be checked on a dlt modification of (Ei,∆Ei) in which case
it follows from abundance for dlt surface pairs (cf. [Wal18, Theorem 1.3]). Now
Li ∼Q ψ∗D for some Q-divisor D on Z. But then (ψ|W )∗D ∼Q Li|W , which is
semiample, and hence both D and Li are semiample.


Proposition 5.2. With notation as in the first paragraph of Proposition 5.1, sup-
pose that Supp(φ−1(s)) ⊂ ⌊∆⌋. Let L be a nef and big Q-Cartier Q-divisor on X
such that L − (KX +∆) is ample. Then L is semiample and induces a morphism
f : X → Z over SpecR. In particular, every f -numerically trivial Q-Cartier divisor
descends to a Q-Cartier divisor on Z.
Proof. This follows from Proposition 5.1 by perturbation. 
Proof of Theorem 1.2. The proof is similar to the proof of [HW19b, Proposition
4.1]. We will run a (KX + Φ)-mmp with scaling of a sufficiently ample divisor A
over a neighborhood of the point s ∈ C. In what follows, we will, often without
mention, repeatedly replace C by an appropriate neighborhood s ∈ U ⊂ C and X
by X ×C U . Let η be the generic point of the local ring R of C at s.
Following the proof of Theorem 4.5, possibly shrinking C, we may run an mmp
X = X0 99K X1 99K . . . 99K Xk. We will denote the central fibre by Xk,s. Note that
Xk,s ∼C 0. If KXk +Φk is not nef over C, then there exists a (KXk +Φk)-negative
extremal ray over C spanned by a curve Σ ⊂ Xk,s.
Let G be an ample Q-divisor such that L = KXk +Φk+G is nef and L
⊥ = R[Σ].
Then L is semiample by Proposition 5.2. Let f : Xk → Z be the corresponding
contraction, which is birational as κ(KX +∆/Spec(R)) ≥ 0. There are two cases.
If f : Xk → Z is a divisorial contraction (over C), then we may set Xk+1 := Z
and continue our mmp over C. Thus we must show that if the induced morphism
f : Xk → Z (over C) is a flipping contraction, then the flip f+ : Xk+1 → Z exists.
Further, we must show that there is no infinite sequence of flips. The latter follows
from Theorem 2.9. As for the former, we consider two cases.
Claim 5.2. If the flipping locus is contained in the special fibre Xk,s, then the flip
Xk 99K Xk+1 exists.
Proof. By means of perturbation, we may assume that ⌊Φk⌋ = SuppXk,s. Let Σ be
a flipping curve. If Σ ·S 6= 0 for some component S of Xk,s, then since Σ · Xk,s = 0,
we may assume that there is another component E of Xk,s such that Σ · S < 0 and
Σ ·E > 0 (up to swapping S and E). Thus the flip exists by Theorem 4.2. We may
therefore assume that Σ · S = 0 for every component of Xk,s. We follow the proof
of [HW19b, Proposition 4.1]. Since S · Σ = 0, we may assume that S′ := f∗S is
also Q-Cartier. Let H ′ be a reduced Q-Cartier divisor on Z such that
(1) (Xk,Φk +H ′) is dlt over the generic point of C,
(2) H = f−1∗ H
′ contains Ex(f),
(3) for any proper birational morphism h : Y → Z such that Y is Q-factorial,
we have that N1(Y/Z) is generated by the irreducible components of the
strict transform of H ′ and the h-exceptional divisors, and
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(4) H and Φk have no common components.
Explicitly, we take H1 and H2 as in Lemma 5.3. Then H = H1 +H2 descends to
a Q-Cartier divisor H ′ on Z by Proposition 5.2. We leave the verification of (3) to
the reader.
Let p : Y → Xk be a dlt modification of (Xk,Φk +H) (see Corollary 4.7). Since
the generic points of H1∩H2 are simple normal crossing in Xk, we may assume that
the dlt modification is constructed from a log resolution which is an isomorphism
over the generic points of H1 ∩H2. In particular, p must be an isomorphism over
the generic point η ∈ C. Set h = f ◦ p : Y → Z.
First we will run a (KY + ΦY + HY )-mmp over Z where HY = p
−1
∗ H and
ΦY = p
−1
∗ Φk+Ex(p). All extremal rays R are contained in the support of h
∗H ′ and
some component of h∗H ′ has a non-zero intersection number with R (by condition
(3) above). Since h∗H ′ ·R = 0, there are components E,E′ of Supp h∗H ′ such that
E ·R < 0 and E′ ·R > 0. Since the support of h∗H ′ is contained in the support of
⌊ΦY +HY ⌋, the necessary flips exist by Theorem 4.2 and we may run the required
minimal model program. Note that by Theorem 2.9, there is no infinite sequence
of such flips and hence we may assume that, up to replacing Y by the output of
the mmp, KY + ΦY + HY is nef over Z. We now run a (KY + ΦY )-mmp with
scaling of HY over Z. If R is a corresponding (KY + ΦY )-negative extremal ray,
then HY ·R > 0. Since
HY ≡h −
∑
bjEj , bj ≥ 0
for some h-exceptional divisors Ej , it follows that R · Ej < 0 for some j. Since Ej
is contained in Ys, it is contained in the support of h
∗Zs. Since R · h∗Zs = 0, there
is a component E′ of ⌊ΦY ⌋ such that R · E′ > 0 and the necessary flip exists by
Theorem 4.2.
By Theorem 2.9, there is no infinite sequence of such flips and hence we may
assume that KY +ΦY is nef over Z. By Proposition 5.1 applied to KY +ΦY +h
∗A
for a sufficiently ample divisor A on Z, we get that KY +ΦY is semiample over Z,
and thus by replacing Y by the image of the associated semiample fibration, we can
assume that KY +ΦY is relatively ample. We claim that Y → Z is small, and hence
Xk+1 := Y is the required flip (the canonical ring R(KXk +Φk) = R(KZ + f∗Φk) =
R(KY + ΦY ) is finitely generated). To this end, note that if p : W → Xk and
q : W → Y is the normalisation of the graph of the rational map Xk 99K Y , then
we may write
p∗(KXk +Φk)− q
∗(KY +ΦY ) = E
where p∗E = 0 (as Xk → Z is small) and −E is relatively ample over Z. By the
negativity lemma, E ≥ 0. On the other hand, by construction, if F is p-exceptional
but not q-exceptional, then by definition of ΦY we have
multF (E) = multF (p
∗(KXk +Φk))−multF (q
∗(KY +ΦY )) ≤ 1− 1 = 0,
and so, in fact, multF (E) = 0. This contradicts −E being relatively ample over
Z. 
Let fη : (Xk,η ,Φk,η) → Zη be the restriction of f to Xη. By the above claim,
we may assume that fη is not the identity. Since f is a flipping contraction, it is
easy to see that fη is a flipping contraction and in particular Xk,η is Q-factorial,
ρ(Xk,η/Zη) = 1, Xk,η → Zη is small, and −(KXk,η + Φk,η) is ample over Zη. By
[DW19, Theorem 1.3], the corresponding flip f+η : X
+
k,η → Zη exists. Let f
′ : X ′k →
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Z be the closure of the projective morphism f+η . After restricting to an open
neighborhood of s ∈ C, we may assume that f ′|U is the flip of f |U where U = C\{s}.
In particular X ′k×CU = Proj(KXk+Φk)|Xk×CU . Note that X
′
k over s may be highly
singular and in particular non-normal and not even R1.
Let Φ′k be a divisor on X
′
k given as the sum of the closure of Φ
+
k,η and the support
of X ′k,s. Let p : Y → X
′
k be a resolution and set Φ
′
Y = p
−1
∗ Φ
′
k + Ex(p). We now
run a KY + Φ
′
Y -mmp over X
′
k. We must show that the necessary flips exist and
that the corresponding mmp terminates. Let v : Y → V be a flipping contraction.
Note that if the flipping locus is contained in the central fibre Ys, then the flip
exists by Claim 5.2. If the flipping locus dominates C, then as X ′k,η is Q-factorial,
by [HW19b, Lemma 3.1], there is a v-ample p-exceptional divisor Aη ⊂ Yη. As
ρ(Y/V ) = 1, its closure A ⊂ Y is also relatively ample and is contained in the
support of ⌊Φ′Y ⌋. Similarly, we also have an effective p-exceptional divisor Fη ⊂ Yη
which is p-anti-ample. Therefore, there is a component Sη of Fη such that its closure
S ⊂ Y is v-anti-ample. Thus the flip exists by Theorem 4.2. By Theorem 2.9 the
above sequence terminates with the required dlt model which we again denote by
(Y,Φ′Y ). Since (X
′
k,Φ
′
k) is klt and Q-factorial over η, we can assume that p is an
isomorphism over η. Set h = f ◦ p : Y → Z.
We will run a (KY + Φ
′
Y )-mmp over Z where (Y,Φ
′
Y = p
−1
∗ Φ
′
k + Ex(p)) is
dlt. Contractions exist for the same reason as before (see Proposition 5.2). Since
KYη + Φ
′
Yη
is ample over Zη, the contracted locus is contained in the fibre over
s ∈ C. In particular, the necessary flips exist by Claim 5.2. The mmp terminates
by Theorem 2.9.
Hence, we can assume thatKY+Φ
′
Y is nef over Z. By Proposition 5.1,KY+Φ
′
Y is
semiample over C. Replacing Y by the image of the associated semiample fibration,
we can assume that KY + Φ
′
Y is relatively ample. We claim that Y → Z is small,
and hence Xk+1 := Y is the required flip. To this end, note that if p : W → Xk and
q : W → Y is the normalisation of the graph of the rational map Xk 99K Y , then
we may write
p∗(KXk +Φk)− q
∗(KY +Φ
′
Y ) = E
where p∗E = 0 (as Xk → Z is small) and −E is relatively ample over Z. By the
negativity lemma, E ≥ 0. On the other hand, by construction, if F is p-exceptional
but not q-exceptional, then by definition of Φ′Y we have
multF (E) = multF (p
∗(KXk +Φk))−multF (q
∗(KY +Φ
′
Y )) ≤ 1− 1 = 0,
and so, in fact, multF (E) = 0. This contradicts −E being relatively ample over Z.

In the proof we used the following technical lemma.
Lemma 5.3. Let C be a regular affine curve defined over an algebraically closed
field k of positive characteristic p > 0. Let s ∈ C be a closed point and let η ∈ C
be the generic point. Let (X,S + B) be a Q-factorial dlt pair of global dimension
four and projective over the curve C such that S = ⌊S +B⌋ = SuppXs and B has
standard coefficients. Let f : X → Z be a small contraction with ρ(X/Z) = 1 and
exceptional locus Ex(f) contained in Xs. Suppose that every irreducible component
Si of S is f -numerically trivial.
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Then there exist Q-Cartier Weil divisors Hi for i ∈ {1, 2} such that H1 and H2
are f -ample and f -anti-ample, respectively, H1 +H2 is f -numerically trivial, and
(X,S +B +H1 +H2) is dlt over η.
Proof. Pick an f -ample Cartier divisor D on X and an ample Cartier divisor A on
Z. Set Di = (−1)i+1D and Li := Di +mif∗A for m2 ≫ m1 ≫ 0 and i ∈ {1, 2}.
We claim that there exist effective divisors Hi,η ∈ |Li|Xη | such that (Xη, B|Xη +
H1,η+H2,η) is dlt. Assuming this claim, we pick Hi to be the closures of Hi,η in X .
Then Hi ∼ Li +
∑
aiSi for irreducible divisors Si of S. Since Si are f -numerically
trivial, we get that H1 is f -ample, H2 is f -anti-ample, and H1+H2 is f -numerically
trivial.
Thus, we are left to show the claim. To this end, we can replace C by C \ {s},
and so we can assume that S = 0 and Li are very ample. Let V ⊆ X be the subset
of points on which (X,B) is strongly F-regular. By standard argument, V is open.
Now, by localising at codimension two points and applying [ST17, Theorem 5.7],
we get that Z := X \V is at most one dimensional.
Let H1 be a general member of |L1|. By [SZ13, Corollary 6.10], (V,B|V +H1|V )
is purely F-regular (note that [SZ13] uses a different name: divisorially F-regular),
and hence plt with H1|V normal. Since H1 ∩Z is zero-dimensional, we can replace
C by an open subset, so that (X,B +H1) is plt and H1 is normal.
Let H2 be a general member of |L2|. Since m2 ≫ m1, Serre’s vanishing implies
that H0(X,L2)→ H0(H1, L2|H1) is surjective, and soH2|H1 is a general member of
L2|H1 . By the same argument as above, we have that (X,B+H1+H2) is plt outside
H1∩H2 up to replacing C by an open subset. WriteKH1+BH1 = (KX+B+H1)|H1 .
By [ST17, Theorem 5.9] and inversion of adjunction for threefolds, we get that
(H1, BH1 + H2|H1) is plt. In particular, the inversion of adjunction for fourfolds
(Corollary 4.8) and the standard argument implies that the only log canonical
centres of (X,B +H1 +H2) are the generic points of H1 ∩H2. The generic points
ofH1∩H2 are contained in the smooth locus Xsm ⊆ X , and hence (X,B+H1+H2)
is simple normal crossing at them by the standard Bertini theorem applied to the
smooth locus of H2 (cf. [JS12, Theorem 3]). 
Let us point out that the assumption on the existence of log resolutions of sin-
gularities may be weakend. If φ in the above theorem is smooth, then we only need
the following conjecture (for X of dimension four).
Conjecture 5.4 (Embedded resolution of singularities). Let X be a smooth quasi-
projective variety and Z a closed subscheme, then there exists a projective birational
morphism ν : X ′ → X such that the schemes associated to Ex(ν) and ν−1(Z) are
divisors (in particular ν−1IZ is locally free) and ν
−1Z ∪ Ex(ν) has simple normal
crossing support.
From this conjecture we can deduce the existence of log resolutions for varieties
birational to a smooth variety.
Proposition 5.5. Assume that Conjecture 5.4 holds for a smooth projective variety
X and all of its subschemes. Let Y be a quasi-projective variety birational to X.
Then for any scheme W ⊂ Y , there exists a proper birational morphism from a
smooth variety µ : Y ′ → Y such that schemes associated to Ex(µ) and µ−1(W ) are
divisors and Ex(µ) ∪ µ−1(W ) has simple normal crossing support.
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Proof. Let f : X 99K Y be a birational map and let Z be the indeterminacy locus
of f . More precisely, let V be the normalisation of the graph of f with projections
p : V → X and q : V → Y . IfH is a very ample divisor on Y andH1, . . . , Hd+1 ∈ |H |
are general elements, where d = dimY , then Z is cut out by H ′i = p∗q
∗Hi ∈ |H ′|,
where H ′ is the strict transform of H .
Let ν : X ′ → X be the resolution of Z given by Conjecture 5.4. Then ν∗H ′ =
F + M and ν∗H ′i = F + Mi where F is a simple normal crossings divisor and
the divisors M1, . . . ,Md+1 give rise to a base point free linear series. Consider the
corresponding morphism f ′ : X ′ → Y .
We will now apply Conjecture 5.4 to Ex(f ′) and (f ′)−1(W ). Let g : Y ′ → X ′
and µ : Y ′ → Y be the induced morphisms. Since Ex(µ) = Ex(g) ∪ g−1(Ex(f ′)),
then Ex(µ) is a divisor, and so is µ−1(W ) = g−1((f ′)−1(W )). It is clear that their
union has simple normal crossings. 
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